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ABSTRACT
We study the possibility of tidal dissipation in the solid cores of giant planets and its
implication for the formation of hot Jupiters through high-eccentricity migration. We
present a general framework by which the tidal evolution of planetary systems can
be computed for any form of tidal dissipation, characterized by the imaginary part of
the complex tidal Love number, Im[k˜2(ω)], as a function of the forcing frequency ω.
Using the simplest viscoelastic dissipation model (the Maxwell model) for the rocky
core and including the effect of a nondissipative fluid envelope, we show that with
reasonable (but uncertain) physical parameters for the core (size, viscosity and shear
modulus), tidal dissipation in the core can accommodate the tidal-Q constraint of the
Solar system gas giants and at the same time allows exoplanetary hot Jupiters to form
via tidal circularization in the high-e migration scenario. By contrast, the often-used
weak friction theory of equilibrium tide would lead to a discrepancy between the Solar
system constraint and the amount of dissipation necessary for high-e migration. We
also show that tidal heating in the rocky core can lead to modest radius inflation
of the planets, particularly when the planets are in the high-eccentricity phase (e ∼
0.6) during their high-e migration. Finally, as an interesting by-product of our study,
we note that for a generic tidal response function Im[k˜2(ω)], it is possible that spin
equilibrium (zero torque) can be achieved for multiple spin frequencies (at a given e),
and the actual pseudosynchronized spin rate depends on the evolutionary history of
the system.
Key words: hydrodynamics – planets and satellites: general – planets and satellites:
interiors – planet-star interactions – binaries: close
1 INTRODUCTION
In recent years, high-eccentricity migration has emerged as
one of the dominant mechanisms responsible for the forma-
tion of hot Jupiters. In this mechanism, a gas giant which is
formed beyond the snow line is first excited into a state
of very high eccentricity (e >∼ 0.9) by few-body interac-
tions, either via dynamical planet-planet scatterings (Ra-
sio & Ford 1996; Weidenschilling & Marzari 1996; Zhou,
Lin & Sun 2007; Chatterjee et al. 2008; Juric & Tremaine
2008) or/and secular interactions between multiple planets,
or the Kozai effect induced by a distant companion (Wu &
Murray 2003; Fabrycky & Tremaine 2007; Wu, Murray &
Ramshhai 2007; Nagasawa, Ida & Bessho 2008; Katz, Dong
& Malhotra 2011; Naoz et al. 2011,2013; Wu & Lithwick
⋆ Email: nis22@cornell.edu, dong@astro.cornell.edu
2011; Naoz, Farr & Rasio 2012; see also Dawson & Murray-
Clay 2013). Due to the high eccentricity, the planet passes
quite close to its host star at periastron, and tidal dissipa-
tion in the planet extracts energy from the orbit, leading to
inward migration and circularization of the planet’s orbit.
Tidal effects on the orbital evolution of binaries are of-
ten discussed using the weak friction theory of equilibrium
tides (Darwin 1879; Alexander 1973; Hut 1981; Eggleton
et al. 1998), according to which the rate of decay of the
semi-major axis (a) for a pseudosynchronized planet can be
written as∣∣∣∣ a˙a
∣∣∣∣ = 6k2τ
(
GM⋆
a3F
)(
Rp
aF
)5
M⋆
Mp
√
aF
a
F (e). (1)
Here, Mp and Rp are the mass and radius of the planet, M⋆
is the mass of the central star, aF ≡ a(1 − e
2) is the final
circularization radius (assuming orbital angular momentum
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conservation), k2 the tidal Love number, τ is the tidal lag
time (assumed constant in the weak friction theory), and
F (e) is a function of eccentricity of order (1− 10) and given
by F (e) = f1(e)−f
2
2 (e)/f5(e), where f1, f2 and f5 are given
by Eq. (11) of Hut (1981). By requiring that the high-e mi-
gration happens on a timescale less than 10 Gyr we can place
a constraint on τ :
(
GM⋆
a3F
)1/2
τ ∼
> 3× 10−5
( a
5AU
)1/2 ( aF
0.06AU
)6
×
(
M⋆
M⊙
)−3/2
Mp
MJ
(
Rp
RJ
)−5 (
k2
0.38
)−1
. (2)
Note that instead of τ , tidal dissipation is often parametrized
by the tidal quality factor Q ≡ (τω)−1, where ω is the tidal
forcing frequency. Thus, the above constraint on τ trans-
lates to Q <∼ 3 × 10
4 at ω ∼ (GM⋆/a
3
F )
1/2 ∼ 2pi/(5 d)
[for the canonical parameters adopted in Eq. (2)]. A similar
constraint can be obtained by integration over the planets’
orbital evolution (e.g., Fabrycky & Tremaine 2007; Leconte
et al. 2010; Matsumura, Peale & Rasio 2010; Hansen 2012;
Naoz et al. 2012; Socrates, Katz & Dong 2012b).
The tidal Q for Solar system giant planets can be mea-
sured or constrained by the tidal evolution of their satellites
(Goldreich & Soter 1966). For Jupiter, Yoder & Peale (1981)
derived a bound 2 × 10−7 < k2/QJ < 6 × 10
−6 based on
Io’s long-term orbital evolution (particularly the eccentricity
equilibrium), with the upper limit following from the limited
expansion of satellite orbits. Recent analysis of the astromet-
ric data of Galilean moons gave k2/QJ = (1.1± 0.2)× 10
−5
for the current Jupiter-Io system (Lainey et al. 2009), cor-
responding to QJ ≃ 3.5 × 10
4 for the conventional value of
the Love number k2 = 0.38 (Gavrilov & Zharkov 1977).
With Jupiter’s spin period 9.9 hrs and Io’s orbital pe-
riod 42.5 hrs, the tidal forcing frequency on Jupiter from
Io is ω = 2pi/(6.5 hr), and the tidal lag time is then
τJ = (QJω)
−1 ≃ 0.1 s.
For Saturn, theoretical considerations based on the
long-term evolution of Mimas and other main moons (with
the assumption that they formed above the synchronous or-
bit 4.5 Gyr ago) lead to the constraint 3× 10−6 < k2/QS <
2 × 10−5 (Sinclair 1983; Peale 1999). However, using as-
trometric data spanning more than a century, Lainey et
al. (2012) found a much larger k2/QS = (2.3± 0.7) × 10
−4,
corresponding to QS = (1−2)×10
3 for k2 = 0.34; they also
found that QS depends weakly on the tidal period in the
range between 2pi/ω = 5.8 hrs (Rhea) and 7.8 hrs (Ence-
ladus).
Assuming that extra-solar giant planets are close
analogs of our own gas giants, we can ask whether the afore-
mentioned empirical constraints on k2/Q for Jupiter and
Saturn are compatible with the extra-solar constraint [see
Eq. (2)]. The difference between the two sets of constraints
is the tidal forcing frequencies: For example, the Jupiter-Io
constraint involves a single frequency (P = 6.5 hrs), while
high-e migration involves tidal potentials of many harmon-
ics, all of them with periods longer than a few days. Socrates
et al. (2012b) showed that the two sets of constraints are in-
compatible with the weak friction theory (see also Naoz et
al. 2012): In order for hot Jupiters to undergo high-e migra-
tion within the age of their host stars, their required tidal
lag times must be more than an order of magnitude larger
than the Jupiter-Io constraint.
Tidal dissipation in giant planets is complex, and de-
pends strongly on the internal structure of the planet, such
as the stratification of the liquid envelope and the presence
and properties of a solid core. There have been some at-
tempts to understand the physics of tidal Q in giant planets
(see Ogilvie & Lin 2004 for a review). It has long been known
(Goldreich & Nicholson 1977) that simple turbulent viscos-
ity in the fluid envelopes of giant planets is many orders of
magnitude lower than required by observations. Ioannou &
Lindzen (1993a,b) considered a prescribed model of Jupiter
where the envelope is not fully convective (contrary to the
conventional model where the envelope is neutrally buoy-
ant to a high degree; see Guillot 2005) and showed that the
excitation and radiative damping of gravity waves in the
envelope provide efficient tidal dissipation only at specific
“resonant” frequencies. Lubow et al. (1997) examined simi-
lar gravity wave excitations in the radiative layer above the
convective envelope of hot Jupiters. So far the most sophis-
ticated study of dynamical tides in giant planets is that by
Ogilvie & Lin (2004) (see also Goodman & Lackner 2009;
Ogilvie 2009,2013), who focused on the tidal forcing of iner-
tial waves (short-wavelength disturbances restored primar-
ily by Coriolis force) in the convective envelope of a rotating
planet [see Ivanov & Papaloizou (2007) and Papaloizou &
Ivanov (2010) for highly eccentric orbits, and Wu (2005)
for a different approach]. They showed that because of the
rocky core, the excited inertial waves are concentrated on
a web of “rays”, leading to tidal dissipation which depends
on the forcing frequency in a highly erratic way. The tidal
Q obtained is typically of order 106−7. It remains unclear
whether this mechanism can provide sufficient tidal dissipa-
tion compared to the observational constraints.
The possibility of core dissipation in giant planets was
first considered by Dermott (1979) but has not received
much attention since. Recently, Remus et al. (2012a) showed
that dissipation in the solid core could in principle satisfy
the constraints on tidal Q obtained by Lainey et al. (2009)
for Jupiter and by Lainey et al. (2012) for Saturn.
In this paper, we continue the study of tidal dissipation
in the solid core of giant planets and examine its conse-
quences for the high-e migration scenario and for the ther-
mal evolution of hot Jupiters. In section 2 we present the
general tidal theory which may be used with any tidal re-
sponse model. In section 3 we discuss a simple viscoelastic
tidal response model and its range of applicability. In sec-
tion 4 we use the general theory of section 2 in conjunction
with the model of section 3 to compute high-e migration
timescales and compare with the weak friction theory. We
also examine the effect of tidal heating in the core for the
radius evolution of the planets. We summarize our findings
and conclude in section 5.
2 EVOLUTION OF ECCENTRIC SYSTEMS
WITH GENERAL TIDAL RESPONSES
Here we formulate the tidal evolution equations for eccen-
tric binary systems. These equations can be applied to any
tidal response model, where the complex Love number (de-
fined below) is an arbitrary function of the tidal forcing fre-
c© 2013 RAS, MNRAS 000, 1–??
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quency [see also Efroimsky & Makarov (2013), Mathis &
Le Poncin-Lafitte (2009) and Remus et al. (2012a) for sim-
ilar formalisms]. This formulation is valid as long as the
responses of the body to different tidal components are in-
dependent of each other.
We consider a planet of mass Mp, radius Rp and rota-
tion rate Ωs (assumed to be aligned with the orbital angu-
lar momentum axis), moving around a star (mass M⋆) in
an eccentric orbit with semi-major axis a and mean motion
frequency Ω. The tidal potential exerted on the planet by
the star is given by
U(r, t) = −GM⋆
∑
m
W2mr
2
D(t)3
e−imΦ(t)Y2m(θ, φ), (3)
where (r, θ, φ) is the position vector (in spherical coordi-
nates) relative to the center of mass of the planet, D(t)
and Φ(t) are the time-dependent separation and phase of
the orbit, and m = 0,±2, with W20 = −(pi/5)
1/2 and
W2±2 = (3pi/10)
1/2. The potential U(r, t) can be decom-
posed into an infinite series of circular harmonics:
U(r, t) = −
∑
m,N
UmN r
2Y2m(θ, φ)e
−iNΩt, (4)
where N ∈ (−∞,∞) and
UmN ≡
GM⋆
a3
W2mFmN (e), (5)
with FmN (e) being the Hansen coefficient (e.g., called X
N
2m
in Murray & Dermott 2000), given by
FmN (e) =
1
pi
∫ π
0
cos [N (Ψ− e sinΨ)−mΦ(t)]
(1− e cosΨ)2
dΨ, (6)
with
cos Φ(t) =
cosΨ− e
1− e cosΨ
. (7)
Each harmonic of the tidal potential produces a per-
turbative response in the planet, expressible in terms of the
Lagrangian displacement ξmN and the Eulerian density per-
turbation δρmN . These responses are proportional to the di-
mensionless ratio, UmN/ω
2
0 = (M⋆/Mp)(Rp/a)
3W2mFmN ,
where ω0 ≡ (GMp/R
3
p)
1/2 is the dynamical frequency of the
planet. Without loss of generality, we can write the tidal
responses as (see Lai 2012)
ξmN (r, t) =
UmN
ω20
ξ¯mN (r, θ)e
imφ−iNΩt, (8)
δρmN (r, t) =
UmN
ω20
δρ¯mN(r, θ)e
imφ−iNΩt, (9)
with
δρmN = −∇ · (ρξmN ). (10)
Note that δρ¯mN and ξ¯mN are in general complex functions
(implying that the tidal response is phased-shifted relative
to the tidal potential), and they depend on the forcing fre-
quency ωmN of each harmonic in the rotating frame of the
primary,
ωmN ≡ NΩ−mΩs. (11)
Given the Eulerian density perturbation, we can obtain
the perturbation to the gravitational potential of the
planet, δΦmN , by solving the Poisson equation, ∇
2δΦmN =
4piGδρmN . We define the dimensionless Love number k˜
mN
2 as
the ratio of δΦmN and the (mN)-component of the tidal po-
tential [U(r, t)]mN = −r
2UmNY2m(θ, φ) exp(−iNΩt), evalu-
ated at the planet’s surface:
k˜mN2 ≡
δΦmN
[U(r, t)]mN
∣∣∣∣∣
r=Rp
. (12)
Note that, just as δρmN is complex, so in general is k˜
mN
2 .
We find that
k˜mN2 =
4pi
5
1
MpR2p
∫
δρ¯mN (r, θ)e
imφr2Y ∗2md
3x. (13)
We now have all the information necessary to calculate
the time-averaged torque and energy transfer rate (from the
orbit to the planet):
T = Re
〈∫
d3x δρ(r, t) r× [−∇U∗(r, t)]
〉
, (14)
E˙ = Re
〈∫
d3x ρ(r)
∂ξ(r, t)
∂t
· [−∇U∗(r, t)]
〉
, (15)
where 〈 〉 denotes time averaging. After plugging in the
ansatz for ξ and δρ [Eqs. (8)-(9)] and the expression for
k˜mN2 [Eq. (13)], we find
Tz =
5
4pi
T0
∑
m,N
m [W2mFmN (e)]
2 Im(k˜mN2 ), (16)
E˙ =
5
4pi
T0Ω
∑
m,N
N [W2mFmN (e)]
2 Im(k˜mN2 ), (17)
where T0 ≡ G
(
M⋆/a
3
)2
R5p. The tidal evolution equations
for the planet’s spin Ωs, the orbital semi-major axis a and
the eccentricity e are
Ω˙s =
Tz
I
, (18)
a˙
a
= −
2aE˙
GM⋆Mp
, (19)
ee˙
1− e2
= −
aE˙
GM⋆Mp
+
Tz
L
, (20)
where I is the moment of inertia of the planet and L =
M⋆Mp
[
Ga(1− e2)/(M⋆ +Mp)
]1/2
is the orbital angular
momentum.
As noted before, k˜mN2 depends on the forcing frequency
ωmN = NΩ − mΩs and physical properties of the planet.
We can write k˜mN2 = k˜2(ωmN ). In general, given a model
for k˜2(ω), the sum over (mN) must be computed numeri-
cally. Note that Im(k˜mN2 ) is related to the often-defined tidal
quality factor Q by
Im(k˜mN2 ) ≡
(
k2
Q
)
mN
, (21)
with k2 the usual (real) Love number, except that in our
general case (k2/Q)mN is for a specific (mN)-tidal compo-
nent.
In the special case of the weak friction theory of equilib-
rium tide 1, one assumes Im[k˜2(ω)] = k2τω, with k2 and the
1 Note that for equilibrium tides in general, the tidal response
c© 2013 RAS, MNRAS 000, 1–??
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lag time τ being independent of the frequency ω. In this case,
the sum over (mN) can be carried out analytically, giving
the usual expressions (see Alexander 1973, Hut 1981):
Tz =
3T0Ω k2 τ
(1− e2)6
[
f2 − (1− e
2)3/2f5
Ωs
Ω
]
, (22)
E˙ =
3T0Ω
2 k2 τ
(1− e2)15/2
[
f1 − (1− e
2)3/2f2
Ωs
Ω
]
, (23)
where f1, f2, and f5 are functions of eccentricity given by
(Hut 1981)
f1(e) = 1 +
31
2
e2 +
255
8
e4 +
185
16
e6 +
25
64
e8, (24)
f2(e) = 1 +
15
2
e2 +
45
8
e4 +
5
16
e6, and (25)
f5(e) = 1 + 3e
2 +
3
8
e4. (26)
3 VISCOELASTIC DISSIPATION IN GIANT
PLANETS WITH ROCKY CORES
We now discuss a theoretical model of k2(ω) for giant planets
based on viscoelastic dissipation in rocky cores. We consider
first a homogeneous solid core, and subsequently introduce
a homogeneous non-dissipative liquid envelope.
3.1 Viscoelastic Solid Core
The rocky/icy core of a giant planet can possess the charac-
teristics of both elastic solid and viscous fluid, depending on
the frequency of the imposed periodic shear stress or strain.
Dissipation in rocks arises from thermally activated creep
processes associated with the diffusion of atoms or the mo-
tion of dislocations when the rocks are subjected to stress.
We use the simplest phenomenological model, the Maxwell
model, to describe such viscoelastic materials (Turcotte &
Schubert 2002). The model contains two free parameters,
the shear modulus (rigidity) µ and viscosity η. Other rheolo-
gies are possible (see Henning, O’Connell & Sasselov 2009),
but contain more free parameters and are not warranted
at present given the large uncertainties associated with the
solid cores of giant planets.
The incompressible constitutive relation of a Maxwell
solid core takes the form
ε˙ij =
1
2µ
σ˙ij +
1
2η
σij , (27)
where εij and σij are strain and stress tensors, respec-
tively, and a dot denotes time derivative. For periodic forcing
εij , σij ∝ e
−iωt, the complex shear modulus, µ˜ ≡ σij/(2εij),
is given by
µ˜ =
ωµη
ωη + iµ
=
µ
1 + i(ωM/ω)
, (28)
where the Maxwell frequency is
ωM ≡ µ/η. (29)
Im[k˜2(ω)] does not have to be a linear function of ω (i.e., con-
stant lag time). For example, Remus et al. (2012b) showed that
for convective stars/planets, Im[k˜2(ω)] is independent of ω (i.e.,
constant lag angle) when ω exceeds the convective turnover rate.
Clearly, the core behaves as an elastic solid (with µ˜ ≃ µ)
for ω ≫ ωM , and as a viscous fluid (with µ˜ ≃ −iωη) for
ω ≪ ωM .
Consider a homogeneous rocky core (mass Mc, radius
Rc and density ρc) with a constant µ˜. When the tidal forcing
frequency ω is much less than the dynamical frequency of the
body, i.e., when ω ≪ (GMc/R
3
c)
1/2 and ω ≪ (µ/ρcR
2
c)
1/2,
the tidal Love number in the purely elastic case (Im[µ˜] = 0)
can be obtained analytically (Love 1927). Following Remus
et al. (2012a) we invoke the correspondence principle (Biot
1954), which allows us to simply replace the real shear mod-
ulus in the elastic solution by the full complex shear modulus
in order to obtain the viscoelastic solution, yielding
k˜2c =
3
2
1
1 + µ¯
, (30)
where µ¯ is the body’s (dimensionless) effective rigidity
µ¯ ≡ µ¯1 + iµ¯2 ≡
19µ˜
2β
, (31)
with β ≡ ρcgcRc and gc = GMc/R
2
c . Thus we have
Im(k˜2c) =
57ωη
4β
[
1 +
(
ωη
µ
)2 (
1 +
19µ
2β
)2]−1
. (32)
Note that Im(k˜2c) is a non-monotonic function of ω (see
Fig. 1, top panel). For ω ≪ ωM , we have Im(k˜2c) ≃
57ωη/(4β); for ω ≫ ωM , we have Im(k˜2c) ∝ ω
−1. For a
given core model, the maximum
Im(k˜2c)max =
3µˆ
4(1 + µˆ)
(33)
is attained at ω = ωM/(1 + µˆ), where µˆ ≡ 19µ/(2β).
3.2 Application to a giant planet with a rocky
core
In order to apply the results of section 3.1 to a gas giant, we
introduce a non-dissipative fluid envelope on top of the rocky
body. While the fluid envelope does not, itself, dissipate en-
ergy, it is deformed by the tidal potential and interacts with
the central solid body by exerting variable pressure on its
surface, thus creating additional stress. We consider a core
of radius Rc and density ρc within a planet of radius Rp,
with a fluid envelope of density ρF . We then use the analyt-
ical expression of Remus et al. (2012a), who used Dermott’s
1979 solution for the effect of a liquid envelope on the defor-
mation of an elastic core, together with the correspondence
principle (Biot et al. 1954), to calculate the resulting mod-
ified Love number of the core, defined as the ratio of the
potential generated by the deformed core and the tidal po-
tential, evaluated at the core radius (Rc):
k˜2c =
1
(B + µ¯1)2 + µ¯22
{[
(B + µ¯1)
(
C +
3
2α
µ¯1
)
+
3
2α
µ¯22
]
− iADµ¯2
}
, (34)
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where (Remus et al. 2012a)
α = 1 +
5
2
ρc
ρF
(
Rc
Rp
)3 (
1−
ρF
ρc
)
,
A =
(
1−
ρF
ρc
)(
1 +
3
2α
)
,
B = 1−
ρF
ρc
+
3
2
ρF
ρc
(
1−
ρF
ρc
)
−
9
4α
(
Rc
Rp
)5 (
1−
ρF
ρc
)2
,
C =
3
2
(
1−
ρF
ρc
) (
1−
ρF
ρc
+
5
2α
)
+
9
4α
(
Rc
Rp
)5 (
1−
ρF
ρc
)2
,
D =
3
2
(
1−
ρF
ρc
) [
1 +
3
2α
(
Rc
Rp
)5]
.
Since in our model, all the dissipation happens in the
core, we then have, from section 2,
E˙ =
5
4pi
(
GM2⋆R
5
c
a6
)
Ω
∑
m,N
N [W2mFmN (e)]
2 Im[k˜mN2c ],
(35)
where k˜mN2c = k˜2c(NΩ − mΩs). However, rather than keep
the explicit dependence on Rc, we prefer to re-cast the equa-
tion such that all core parameters appear in k˜2 only. We
write,
E˙ =
5
4pi
(
GM2⋆R
5
p
a6
)
Ω
∑
m,N
N [W2mFmN (e)]
2 Im[k˜mN2 ],
(36)
where
k˜2(ω) ≡
(
Rc
Rp
)5
k˜2c(ω). (37)
This (complex) Love number is now, effectively, the Love
number for the entire planet rather than for the core only.
3.3 The specific case of Jupiter
The size of the rocky/icy core of Jupiter is uncertain, with
estimates in the range of ∼ (0− 10)M⊕ (Guillot 2005) and
∼ (14− 18)M⊕ (Militzer et al. 2008). The viscous and elas-
tic properties of materials at the high pressure (∼ 40 Mbar)
found at the center of giant planets are also poorly known.
We mention here values of η and µ for several materials to
give the reader an idea for the range of parameter space in-
volved. The inner core of the Earth has a measured viscosity
of η ∼ 108±3 bar · s (Jeanloz 1990) and a shear modulus of
µ ∼ 1500 kbar, while the central pressure is ∼ 3600 kbar
(Montagner & Kennett 1996). In contrast, the Earth’s man-
tle has η ∼ 1015 − 1018 bar · s, depending on depth (Mitro-
vica & Forte 2004), and shear modulus similar to the core.
Icy materials have η ∼ 106 − 109 bar · s, and µ ∼ 50 kbar
(Poirier, Sotin & Peyronneau 1981, Goldsby & Kohlstedt
2001). Evidently, η in particular has a very large dynamical
range, and since very little is known about the interior of
Jupiter, all of this range is hypothetically accessible. In ad-
dition to varying η and µ, we may also vary the size of the
core Rc and the core density ρc.
Figure 1 presents three models for the tidal response
Im(k˜2c) of Jupiter’s rocky core (upper panel), and the corre-
sponding effective tidal response of the entire planet Im(k˜2)
(lower panel). For each curve, different values of η and Rc
with fluid envelope
no fluid envelope
0.01 0.1 1 10 1000.001
0.005
0.010
0.050
0.100
Im
Hk
2
c
L
Model 1
Model 2
Model 3
Weak Friction
Jupiter-Io
5 day orbit
0.01 0.1 1 10 10010
-8
10-7
10-6
10-5
10-4
Ω H2ΠdayL
Im
Hk
2L
Figure 1. Theoretical curves for the tidal Love number of a
Jupiter-mass planet as a function of the tidal forcing frequency,
for several values of Rc/Rp and η, each calibrated to satisfy the
Jupiter-Io constraint. Top: The intrinsic Love number of the rocky
core with (blue lines) and without (red lines) the presence of liq-
uid envelope. Bottom: The effective Love number for the entire
planet with fluid envelope. The density ratio of the core and en-
velope is ρc/ρF = 5 and the core rigidity is µ = 485 kbar for
all models. The other model parameters are as follows. Model
1 (blue solid line): Rc/Rp = 0.13, η = 4.4 × 109 bar · s; Model 2
(blue long-dashed line): Rc/Rp = 0.19, η = 2×1010 bar · s; Model
3 (blue short-dashed line): Rc/Rp = 0.13, η = 3.3 × 108 bar · s.
Green solid line: weak friction theory with τ = 0.06 s (the lag
time obtained using the value of k2/Q from Lainey et al. (2009)
and assuming k2 = 0.38).
were chosen such that the Jupiter-Io tidal dissipation con-
straint is satisfied (see also Fig. 10 of Remus et al. 2012a).
Also plotted is the weak friction theory, similarly calibrated.
For all the theoretical curves of Figure 1, we choose to fix
µ and ρc, due to their smaller dynamical ranges. We note
that of the remaining parameters, changing η acts primar-
ily to alter the transition frequency ωM ∼ µη
−1, effectively
moving the curve horizontally left-right, while changing Rc
effectively moves the curve up-down due to the strong de-
pendence of k˜2 on Rc/Rp.
From Figure 1, it is evident that the use of weak fric-
tion theory, which due to having only one parameter needs
only one data point to be completely constrained, can lead
to strong over- or under- estimation of tidal dissipation at
different frequencies, as compared to more realistic models.
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Figure 2. Ratio of the pseudosynchronized spin frequency Ωps to
the pericenter frequency Ωperi for each of the viscoelastic models
of Figure 1, as well as for the (analytical) weak friction model.
Each blue curve corresponds to one of the Maxwell model curves
depicted in Fig. 1. The green curve shows the result of the weak
friction theory.
4 HIGH-ECCENTRICITY MIGRATION OF A
GIANT PLANET WITH A ROCKY CORE
4.1 Orbital Evolution
We now compute the rates of high-e migration for a giant
planet with a rocky core for different viscoelastic dissipation
models depicted in Fig. 1, and compare the results with
weak friction theory. We numerically carry out the sums
in Eqs. (16)-(17) for different values of orbital eccentricity
and a fixed final semi-major axis, i.e., the semi-major axis a
and eccentricity e always satisfy a(1− e2) ≡ aF =constant,
corresponding to a final circular orbital period of 5 days.
Since the timescale for changing the planet’s spin is
much shorter than the orbital evolution time, we assume
that the planet is in the equilibrium spin state (Tz = 0) at all
times. For the weak friction theory, the result is [see Eq. (22)]
Ωps/Ωperi = (1 + e)
−3/2f2/f5, where Ωperi = Ω/(1 − e)
3/2
is the orbital frequency at the pericenter. For general vis-
coelastic models, we set the right-hand-side of Eq. (16) to
0 and numerically solve for the equilibrium spin rate Ωps.
The results are shown in Fig. 2. We note that while for
the model parameters considered in Figs. 1-2, there exists a
single Ωps for a given e (for a given model), as in the weak
friction theory, for other model parameters where the torque
is created by a primarily elastic rather than viscous response
(ω ∼
> ωM ), it is possible to find multiple spin frequencies for
which Tz = 0, some of which are resonant in nature, for
a given e. We discuss this interesting phenomenon in the
Appendix.
Figures 3 and 4 present the results of the orbital evolu-
tion for different viscoelastic tidal dissipation models. While
all these models satisfy the same Jupiter-Io tidal Q con-
straint as the weak friction theory, the predicted high-e mi-
gration rate can be easily larger, by a factor of 10 or more,
than that predicted by the weak friction theory. For exam-
ple, while it takes ∼ 100 Gyrs to complete the orbital cir-
cularization in the weak friction theory, only 10 Gyrs is
needed in Model 1 and only ∼ 2 Gyrs is needed in Model 2.
Model 3
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Figure 3. Ratio of the orbital decay rate a˙ for different viscoelas-
tic tidal dissipation models and a˙weak for the weak friction theory,
as a function of eccentricity, for a fixed aF = a(1−e
2) correspond-
ing to final mean motion period of 5 days. Each curve corresponds
to one of the blue Maxwell model curves of Fig. 1. In all cases,
the weak friction theory is that of the green curve in Fig. 1.
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friction
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Figure 4. Eccentricity as a function of time, for an initial eccen-
tricity of 0.9945 and a final mean motion period of 5 days. Each
blue curve corresponds to one of the blue theoretical Maxwell
model curves of Figure 1. The green curve corresponds to the
weak friction theory of Fig. 1.
4.2 Tidal heating of giant planets during
migration
Many hot Jupiters are found to have much larger radii
than predictions based on “standard” gas giant theory (e.g.,
Baraffe, Chabrier & Barman 2010). A number of possi-
ble explanations for the “radius inflation” have been sug-
gested, including tidal heating (e.g., Bodenheimer, Lin &
Mardling 2001, Bodenheimer, Laughlin & Lin 2003; Miller,
Fortney & Jackson 2009; Ibgui et al. 2010; Leconte et
al. 2010), the effect of thermal tides (Arras & Socrates
2010; Socrates 2013), enhanced envelope opacity (Burrows
et al. 2007), double-diffusive envelope convection (Chabrier
& Baraffe 2007; Leconte & Chabrier 2012) and Ohmic dis-
sipation of planetary magnetic fields (Batygin & Steven-
son 2010; Batygin, Stevenson & Bodenheimer 2011; but
see Perna, Menou & Rauscher 2010; Huang & Cumming
2012; Menou 2012; Wu & Lithwick 2013; Rauscher & Menou
2013). It is possible that more than one mechanism is
c© 2013 RAS, MNRAS 000, 1–??
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needed to explain all of the observed radius anomalies of
hot Jupiters (see Fortney & Nettelmann 2010; Spiegel &
Burrows 2013).
Several papers have already pointed out the potential
importance of tidal heating in solving the radius anomaly
puzzle (see above for references). In particular, Leconte et
al. (2010) studied the combined evolutions of the planet’s
orbit (starting from high eccentricity) and thermal structure
including tidal heating, and showed that tidal dissipation in
the planet provides a substantial contribution to the planet’s
heat budget and can explain some of the moderately bloated
hot Jupiters but not the most inflated objects (see also Miller
et al. 2009; Ibgui et al. 2010). However, all these studies were
based on equilibrium tide theory with a parametrized tidal
quality factor Q or lag time, and assume that the heating is
distributed uniformly across the planet.
Here we study the heating of proto-hot-Jupiters via
tidal dissipation in the core. To model this effect, we use
the MESA code (Paxton et al. 2011, 2013) to evolve the
internal structure of giant planets in conjunction with the
orbital evolution starting from high eccentricity. We create
a zero-age Jupiter-mass giant planet (initially hot and in-
flated) with an inert rocky core, for which we can prescribe
a time-varying luminosity. Assuming the core is in thermal
equilibrium with its surroundings, we consider the core lumi-
nosity to be equal to E˙ as given by Eq. (17) (with Ωs = Ωps
such that Tz = 0). We assume the planet starts at a high
eccentricity of e = 0.9945 and circularizes to a 5-day or-
bit, while conserving orbital angular momentum (so that
aF = a(1 − e
2) at all times). These assumptions enable us
to calculate E˙(t) and observe its effect on the radius of the
planet.
Figure 5 presents the planet heating rate and radius vs
age curves. Evidently, it is possible to inflate a proto-hot-
Jupiter by up to 40% via tidal heating in the core. How-
ever, this happens early in the planet’s evolution, around
eccentricities of 0.6, when the heating rate is largest. By the
time the planet’s orbit has circularized (e <∼ 0.05), its ra-
dius is only ∼ 10% larger than the zero-temperature planet
and continues to decline over time. Therefore, regardless of
the details of the tidal models, it appears that tidal heating
cannot fully explain the population of observed hot Jupiters
with significant radius inflation. Nevertheless, tidal effects
can significantly delay the radius contraction of gas giants.
By keeping the planet somewhat inflated until (possibly) an-
other effect due to proximity to the host star takes over, tidal
dissipation may still play an important role in the creation
of inflated hot Jupiters.
Interestingly, these cooling curves suggest that if tidal
dissipation in the core is indeed strong enough to play a sig-
nificant role in circularizing the planet’s orbit, as we have
shown to be possible in this paper, we may expect to ob-
serve a population of gas giants (proto-hot-Jupiters) in wide,
eccentric orbits, which are nevertheless inflated more than
expected (see Socrates et al. 2012a; Dawson & Murray-Clay
2013).
5 CONCLUSION
The physical mechanisms for tidal dissipations in giant plan-
ets are uncertain. Recent works have focused on mechanisms
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Figure 5. Top: Core luminosity due to viscoelastic tidal dissipa-
tion in a Jupiter-mass gas giant. The blue solid curve corresponds
to Model 1 of Fig. 1, and the blue long-dashed curve corresponds
to Model 2 of Fig. 1. Bottom: Evolution of radius vs time for each
of the models (top), assuming an initial eccentricity of 0.9945 and
a final circularized orbital period of 5 days. The red solid curve
has no tidal heating and asymptotes to the zero-temperature ra-
dius at later times. Black dots and labels on each curve denote
when the particular planet model passes through that value of
eccentricity in its orbital evolution. Note that since Model 2 is
more dissipative than Model 1, the maximum heating rate and
radius inflation (around e = 0.6) occur earlier in time than Model
1.
of dissipation in the planet’s fluid envelope, but it is not clear
whether they are adequate to satisfy the constraints from
the Solar system gas giants and the formation of close-in
exoplanetary systems via high-e migration.
In this paper, we have studied the possibility of tidal
dissipation in the solid cores of giant planets. We have pre-
sented a general framework by which the effects of tidal dis-
sipation on the spin and orbital evolution of planetary sys-
tems can be computed. This requires only one input - the
imaginary part of the complex tidal Love number, Im[k˜2(ω)],
as a function of the forcing frequency ω. We discussed the
simplest model of tidal response in solids - the Maxwell vis-
coelastic model, which is characterized by a transition fre-
quency ωM , above which the solid responds elastically, below
- viscously. Using the Maxwell model for the rocky/icy core,
and including the effect of a non-dissipative fluid envelope,
we have demonstrated that with a modest-sized rocky core
and reasonable (but uncertain) physical core parameters,
tidal dissipation in the core can account for the Jupiter-Io
tidal-Q constraint (Remus et al. 2012) and at the same time
allows exoplanetary hot Jupiters to form via tidal circular-
ization in the high-e migration scenario. By contrast, in the
often-used weak friction theory of equilibrium tide, when
the tidal lag is calibrated with the Jupiter-Io constraint, hot
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Jupiters would not be able to go through high-e migration
within the lifetime of their host stars.
We have also examined the consequence of tidal heating
in the rocky cores of giant planets. Such heating can lead to
modest radius inflation of the planets, particularly when the
planets are in the high-eccentricity phase (e ∼ 0.6) during
their high-e migration.
As an interesting by-product of our study, we have
shown that when Im(k˜2) exhibits nontrivial dependence on
ω (as opposed to the linear dependence in the weak friction
theory), there may exist multiple spin frequencies at which
the torque on the planet vanishes (see Appendix A).
We emphasize that there remain large uncertainties in
the physical properties of solid cores inside giant planets, in-
cluding the size, density, composition, viscosity and elastic
shear modulus. These uncertainties make it difficult to draw
any definitive conclusion about the importance of core dis-
sipation. Nevertheless, our study in this paper suggests that
within the range of uncertainties, viscoelastic dissipation in
the core is a possible mechanism of tidal dissipation in giant
planets and has several desirable features when confronting
the current observational constraints. Thus, core dissipation
should be kept in mind as observations in the coming years
provide more data on tidal dissipations in giant planets.
APPENDIX A: SPIN
EQUILIBRIUM/PSEUDOSYNCHRONIZATION
IN VISCOELASTIC TIDAL MODELS
In the weak friction theory, the tidal Love number Im(k˜2)
is a linear function of the tidal frequency ω, and thus spin
equilibrium (Tz = 0) occurs at a unique value of Ωs, termed
the pseudosynchronous frequency, for a given orbital eccen-
tricity e. When Im(k˜2) depends on ω in a more general way,
as in the case of viscoelastic tidal models of giant planets, it
is possible that multiple solutions for the equilibrium spin
frequency Ωps exist at a given e.
The reason for the existence of multiple pseudo-
synchronized spins can be understood in simple algebraic
terms. For clarity here we demonstrate how multiple roots
arise naturally even at low eccentricities. Consider Eq. (16),
which we rewrite here to make the dependence on spin fre-
quency explicit:
Tz =
5
4pi
T0
∑
m,N
m [W2mFmN (e)]
2 Im[k˜2(NΩ−mΩs)]. (A1)
For very low eccentricities e ≪ 1, the Hansen coefficients
FmN are negligible for all except the following combinations
of (m,N): (0, 0), (0,±1),(±2,±2), and (±2,±3). We can
then rewrite Tz as
Tz = Im[Ak˜2(2Ω− 2Ωs) +Bk˜2(3Ω− 2Ωs)], (A2)
with A and B real constants. Plugging in for k˜2 using the
Maxwell model (Eq. 32) (neglecting fluid envelope for sim-
plicity), we have:
Tz = A¯
(2Ω− 2Ωs)
1 + C(2Ω− 2Ωs)2
+ B¯
(3Ω− 2Ωs)
1 + C(3Ω− 2Ωs)2
, (A3)
where A¯, B¯, and C are constants. Thus, when solving for Ωs
from Tz(Ωs) = 0, it is obvious that upon finding the least
common denominator, we end up solving a cubic equation
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Figure A1. Theoretical curves for the tidal Love number of a
Jupiter-mass planet as a function of the tidal forcing frequency.
The blue dashed curve is the same as Model 2 of Fig. 1, and the
green solid curve corresponds to the weak friction model of Fig. 1.
The blue solid curve is a viscoelastic Maxwell model (model 4),
with Rc/Rp = 0.2 and η = 4 × 1011 bar · s. In the top panel, the
models are plotted on a log-log scale, as in Fig. 1, while in the
bottom panel we plot the models on a linear scale to clarify how
the shape of the tidal response curve leads to resonant equilibrium
spin states.
for Ωs. The above discussion can be generalized to higher ec-
centricities: the pseudosynchronized spin Ωps is determined
by solving equations of increasingly higher (always odd) de-
gree in Ωs.
The top panel of Figure A2 shows the two terms on the
RHS of Eq. (A3), as well as their sum, for the viscoelas-
tic Model 4 of Figure A1 at an eccentricity of 0.13. This
demonstrates the way in which multiple solutions for Ωps
arise. Furthermore, we see that two (out of three) of the so-
lutions are resonant in nature: that is, they occur, roughly,
at multiples of Ω/2, where Ω is the orbital frequency. This
can be understood by considering that the viscoelastic re-
sponse (Figure A1) is quite sharply peaked and localized.
Each term on the RHS of Eq. (A3) vanishes when Ωs = Ω
and 1.5Ω, respectively. Due to the sharply peaked nature of
the viscoelastic response, to which Tz is proportional, the
sum of the two terms then shows resonant crossings at both
of these values.
This generalizes easily to the case of arbitrary eccentric-
ity, where each (m,N) harmonic of the sum for Tz (Eq. A1)
vanishes when NΩ − mΩs = 0. The number and location
of the resonant crossings then depends on the relative im-
c© 2013 RAS, MNRAS 000, 1–??
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Figure A2. Tidal torque on the planet as a function of the
spin frequency for different values of eccentricity and different
tidal dissipation models. Top: Model 4 (solid blue) of Figure A1,
for e = 0.13. The black dot-dashed and dashed curves show the
(m,N) = (±2,±2) and (±2,±3) terms of Eq. A3, respectively.
The red curve shows their sum. The resonant features in each of
the harmonics combine into three different zero-crossings in the
sum. Bottom: Model 4 (solid) and Model 2 (dashed) of Figure A1.
The red curves have e = 0.8, while the blue curves have e = 0.5.
In order to fit all the curves on the same plot, we show 10Tz for
the blue solid curve, and 0.1Tz for the red dashed curve. Equi-
librium spins are determined by Tz = 0. Evidently, in the case
of Model 2, the viscoelastic response is not localized enough to
permit more than one resonant solution.
portance of each of the harmonics; the strongest crossing
is expected to occur Ωs ∼ Ωperi. This is demonstrated in
Figure A2 (bottom) and Figure A3.
Thus, the nonlinearity of the function Im[k˜2(ω)] of the
viscoelastic Maxwell model is responsible for the existence
of multiple pseudosynchronized spins. As shown in Figure
A2 (bottom panel), there will not be multiple solutions if
the viscoelastic response is not localized enough, compared
with the mean motion frequency Ω (that is, the width of
the resonant transition ∆ ∼ ωM ∼
> Ω), and all important
harmonics of Tz are solidly on the viscous (linear) side of the
Maxwell curve. On the other hand, there may exist multiple
solutions when ∆ ∼ ωM ≪ Ω and the relevant tidal forcing
frequencies lie on the elastic side of the Maxwell curve.
Finally, we note that all the resonant zero crossings
of Tz are stable (negative slope), while the non-resonant
crossings are necessarily unstable (positive slope). The in-
nermost and outermost crossings are always resonant. This
phenomenon is analogous to that discussed by Makarov &
Efroimsky (2013), who used a different model for viscoelastic
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Figure A3. Tidal torque on the planet as a function of the ratio
of spin frequency to pericenter frequency for e = 0.8 and differ-
ent tidal dissipation models. Red solid: Model 4 of Figure A1; red
dashed: 0.1Tz for Model 2 of Figure A1; green solid: Weak friction
model of Figure A1. Note that the equilibrium spin frequencies
of the viscoelastic models can differ from the weak friction pseu-
dosynchronous spin by as much as ∼ 10 − 20%.
dissipation in solid bodies to analyze the pseudosynchroniza-
tion of telluric planets. They demonstrated the presence of
multiple equilibrium spin solutions, and showed that only
the resonant solutions are stable equilibria, thus conclud-
ing that the telluric planets possess no true (non-resonant)
pseudosynchronous state.
The implications of our finding may be of practical in-
terest when it becomes possible to measure the spin of exo-
planets on eccentric orbits. We may then look for evidence
of the existence of multiple stable spin equilibria in rocky
planets or gas giants with rocky cores.
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